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We develop a classification of perfectly transmitting resonances occuring in effectively one-
dimensional optical media which are decomposable into locally reflection symmetric parts. The
local symmetries of the medium are shown to yield piecewise translation-invariant quantities, which
are used to distinguish resonances with arbitrary field profile from resonances following the medium
symmetries. Focusing on light scattering in aperiodic multilayer structures, we demonstrate this
classification for representative setups, providing insight into the origin of perfect transmission. We
further show how local symmetries can be utilized for the design of optical devices with perfect
transmission at prescribed energies. Providing a link between resonant scattering and local sym-
metries of the underlying medium, the proposed approach may contribute to the understanding of
optical response in complex systems.
PACS numbers: 42.25.Hz 78.67.Pt, 78.67.Bf, 78.20.Ci,
I. INTRODUCTION
Transmission properties and their control in inhomo-
geneous media with complex geometric structure has de-
veloped into a field of intense study with applications to
electronic [1–3], photonic [4–6], acoustic [7] and magnonic
[8] systems. Aperiodic systems possess a central role both
in understanding the fundamental concepts which govern
the transitions from perfectly periodic order to random-
ness, and in the development and design of devices with
controllable transport properties. Photonic multilayered
devices constitute a wide class of such systems, offering
the unique possibility to relate geometrical with optical
properties in a direct and efficient manner. Typical exam-
ples are photonic multilayers possessing a quasiperiodic
Fibonacci [9–11], fractal Cantor [12–16] or even more gen-
eral aperiodic geometry [17–19], leading to scaling and
self-similarity of the corresponding optical transmission
spectra. Of particular interest is the case of perfect (that
is, reflectionless) light transmission through an aperiodic
multilayer. There are many cases supporting that the
presence of mirror symmetry in a multilayer device leads
to perfectly transmitting resonances (PTRs), while the
lack of such symmetry is usually accompanied by non-
vanishing reflection. An instructive example of this sce-
nario is the occurrence of PTRs in multilayers with Fi-
bonacci order after appropriate symmetrization of the de-
vice [20–23]. These results suggest a direct link between
global mirror symmetry and PTRs.
Recent results, however, report on the presence of
PTRs in devices without global mirror symmetry [18, 19,
24, 25], indicating that it is a sufficient but not necessary
condition for the appearance of perfect transmission. In
some cases, the occurrence of PTRs in such devices has
been attributed to ‘internal’ [21] or ‘hidden’ [18] sym-
metries. In Ref. [19], conditions for the occurrence of
PTRs are derived for hybrid periodic-aperiodic photonic
devices, and in Ref. [4] PTRs arise in a band gap ap-
proach, though without explicit reference to the symme-
try of the setups. These works provide significant insight
into the resonant scattering processes in (effectively) 1D
inhomogeneous media. However, the link between trans-
mission properties and the spatial symmetries of the un-
derlying scattering structure has not yet been fully un-
derstood.
A key observation is that, although being globally
asymmetric, a system can retain mirror (or, equivalently
in one dimension, parity) symmetry within a part of it,
thus being locally symmetric [26]. Indeed, the basic com-
mon feature of the above-mentioned asymmetric aperi-
odic setups is that they can be decomposed into mirror
symmetric, non-overlapping smaller parts, which cover
the entire device; we refer to such systems as completely
locally symmetric. Depending on the setup, there can
exist a multitude of local symmetry decompositions at
different scales and with different symmetry axes. For
example, Fig. 1(a) depicts a photonic multilayer setup,
whose maximal local symmetries (i.e., of largest range
around a given axis) are indicated by arcs in Fig. 1(b);
traversing the setup from left to right along different com-
binations of arcs, including the non-maximal ones (not
shown), yields several different local symmetry decompo-
sitions. The question which arises is whether–and in what
way–such local symmetry decompositions are related to
perfect resonant transmission.
In the present work we provide a natural classification
of PTRs occurring in locally symmetric photonic media,
based on the collective contribution of domain-wise in-
variant, field-dependent quantities characterizing the do-
mains of local symmetry. This is done by extending the
formalism of local parity (LP) symmetry developed in
Ref. [26] for 1D quantum scattering, applied here to scat-
tering of classical electromagnetic waves. The analysis
allows for a geometrical representation of three different
types of resonances, which is valid for generic 1D vari-
ations of the refractive index, and subject only to the
restriction to complete local symmetry. We focus here
on piece-wise constant refractive index, which models the
intesively studied photonic multilayers, and give an al-
ternative explanation to the origin of PTRs reported for
2FIG. 1. (color online) (a) Schematic of an aperiodic multi-
layer comprised of 16 planar slabs of materials A (light gray)
and B (dark gray), having equal optical thickness nAdA =
nBdB = λ0/4. The scattered monochromatic plane light wave
of stationary electric field amplitude E propagates along the
z-axis, perpendicularly to the xy-plane of the slabs. (b) 1D
cross section of the multilayer in real space, showing its local
symmetries. The arcs depict locally symmetric domains Dm
of the device, with lengths Lm and symmetry plane positions
αm. For simplicity and figure clarity, only maximal local sym-
metries are shown, which are the ones of largest Lm at a given
αm (i.e., any smaller arc, concentric to the ones shown, is also
a local symmetry). The selected local symmetry decomposi-
tion into N = 3 domains (dashed arcs) will constitute one of
the examples in Sec. III B.
such systems, in terms of local symmetries.
The paper is organized as follows. In Sec. II we extend
the LP formalism [26] to scattering of classical electro-
magnetic waves in a medium with 1D inhomogeneity, and
derive corresponding locally (piecewise) invariant quanti-
ties. In Sec. III A we use these invariants to classify the
possible PTRs occurring in a completely LP symmetric
system within a geometrical representation. In Sec. III B
we apply the LP approach to classify and construct PTRs
in aperiodic photonic multilayers. In Sec. III C we discuss
the relation of the LP based classification scheme to other
approaches occurring in the literature. Finally, Sec. IV
summarizes our conclusions.
II. LOCAL SYMMETRIES AND INVARIANTS
Before performing the analysis and classification of
PTRs in aperiodic photonic multilayers, we will here
adapt and further develop the concepts introduced in
Ref. [26], for the case of classical electromagnetic waves.
The electric component of a monochromatic plane light
wave of frequency ω obeys the equation [27]
∇×∇× ~E(~r, t) =
(
ω2
c2
)
n2(~r) ~E(~r, t), (1)
where n(~r) is the spatially dependent refractive index.
We consider light propagation in a mixed dielectric
medium consisting of regions with different (lossless and
dispersionless) dielectric materials which are homoge-
neous in the xy-plane, so that the refractive index varies
only in the z-direction, n(~r) = n(z). Further, we restrict
the wave to normal incidence on the xy-plane, so that
it propagates everywhere along the z-axis, and the field
can thus be written ~E(~r, t) = E(z)e−iωtzˆ, where E(z) the
complex field amplitude.
The description then effectively becomes 1D and,
dropping the time dependence, Eq. (1) acquires the
(Helmholtz) form
Ωˆ(z, ω)E(z) =
ω2
c2
E(z) (2)
where, however, the differential operator
Ωˆ(z, ω) = − d
2
dz2
+
[
1− n2(z)] ω2
c2
. (3)
depends simultaneously on n(z) and ω.
For a homogeneous medium, n(z) = const., Eq. (2)
becomes an ordinary eigenvalue problem in the squared
wavenumber k2 = (nω/c)2. If n(z) varies, as will be the
case in the following, Eq. (2) is equivalent to a station-
ary scattering Schro¨dinger equation, by treating ω as a
tunable input parameter. The problem is then solved
for the (complex) transmission amplitude t for an inci-
dent wave Ei = eikz to transmit through a given region
defined by the scatterer (in our case the photonic multi-
layer, see Fig. 1) As the parameter ω is varied, the trans-
mission spectrum T (ω) will have fundamental differences
from the quantum counterpart [28], since the ‘effective
potential’ n(z) in Eq. (2) is multiplied by the ‘energy’ ω.
E.g., classical light will always ‘feel’ the presence of the
scatterer, whereas a quantum particle becomes gradually
insensitive to it at higher energies (T (ω →∞)→ 1).
Since the effective scattering problem, Eq. (2), is 1D
and isomorphic to the quantum counterpart, we can apply
the LP formalism introduced in Ref. [26]. Specifically, we
consider a completely locally symmetric setup, that is, a
setup which can be decomposed (generally in more than
one ways) into N subdomains Dm = [zm−1, zm] (m =
1, ..., N) with
n(z) = n(2αm − z), z ∈ Dm ∀m, (4)
where αm is the center of Dm (and, hence, the position
of the local symmetry plane of the 3D device; see Fig. 1).
The key concept is now that of a local mirror reflection
through the symmetry plane z = αm of Dm, which is
equivalent to a local parity transform in our 1D descrip-
tion. The action of the two LP operators ΠˆDmsm (sm = ±1)
on the field is defined as the ordinary parity transform
E(z) → E(2αm − z) within the associated subdomain
Dm, and, up to a sign, as the identity operator outside
3Dm [26]:
ΠˆDmsm E(z) = Θ
(
Lm
2 − |z − αm|
)
E(2αm − z)
+ smΘ
(|z − αm| − Lm2 )E(z), (5)
where Lm = zm − zm−1 is the width of the subdomain
Dm. The combined action of LP transforms in all N non-
overlapping subdomains defines a total LP operator
Πˆ =
N∏
m=1
ΠˆDmsm , sm ∈ {+1,−1}. (6)
The property of complete local symmetry of the scat-
terer medium gives rise to locally invariant quantities, i.e.,
z-independent within each subdomain Dm [29], which are
constructed as follows. Multiplying Eq. (2) by ΠˆE(z) and
subtracting the Πˆ-transformed result, we obtain, because
of the local symmetry of the refractive index, Eq. (4),
E′′(z)ΠˆE(z)− E(z)ΠˆE′′(z) = 0, (7)
which holds for sm = +1 in Eq. (6) for the considered
decomposition.
Taken separately in each domain Dm, Eq. (7) has the
form of a total derivative, and can be integrated to give
the complex locally invariant quantities
E(2αm − z)E′(z) + E(z)E′(2αm − z) ≡ Qm, (8)
where z ∈ Dm, with m = 1, 2, ..., N . Each Qm(ω) can be
regarded as a two-point (non-local) ‘current’ which is con-
stant within the corresponding region Dm = [zm−1, zm],
for any profile of the field within Dm. Thereby, the N
(generally different) quantities Qm encode the local sym-
metry of the scatterer on the level of the field. The values
of the Qm depend on the considered local symmetry de-
composition and on the input frequency ω. As we will
see, in the case of a resonant frequency, they enable the
classification of the corresponding field configurations in
terms of local symmetries.
To this aim, we evaluate Eqs. (8) at the planes z = zm,
and write them in the form
E′(zm−1)
E(zm−1)
+
E′(zm)
E(zm)
= Vm, m = 1, 2, ..., N (9)
where the scaled currents
Vm ≡ Qm
E(zm−1) E(zm)
(10)
characterize the subdomains Dm at a given ω, involving
information only from the field at their boundaries. We
now sum the N Eqs. (9) with alternating signs (−1)m,
yielding
E′(z0)
E(z0)
− (−1)N E
′(zN )
E(zN)
=
N∑
m=1
(−1)m−1Vm ≡ L (11)
which depends only on the field at the scatterer’s global
boundaries z0, zN , whose norm will in turn determine
the occurrence of PTRs. Therefore, it is convenient to
write the electric field E in polar representation, E(z) =
|E(z)|eiϕ(z) ≡ E0(z)eiϕ(z), so that Eq. (11) becomes
L = i [ϕ′(z0)− (−1)Nϕ′(zN)]
+
[
E′0(z0)
E0(z0)
− (−1)N E
′
0(zN )
E0(zN )
]
(12)
The global quantity L, together with the values of the
individual local quantities Vm in Eq. (11), can be utilized
to classify the scattering states of the system, as we will
show next.
III. PERFECT TRANSMISSION IN LOCALLY
SYMMETRIC OPTICAL MEDIA
The transmission coefficient T in a photonic scattering
setup is defined as the ratio of transmitted to incident
light intensity, in our present setting T = (Et0/E
i
0)
2 = |t|2
(see Fig. 1), where t is the (complex) transmission ampli-
tude. In the lossless medium we consider, the reflection
coefficient is R = |r|2 = 1−T due to energy conservation.
As the incident wave propagates through a composite
scatterer medium with a varying refractive index, it is
multiply scattered and the counterpopagating waves in-
terfere into the stationary scattering state. Although the
various parts of the medium may all exhibit finite reflec-
tion, the interference at resonant frequencies ω is such
that peaks appear in the transmission spectrum T (ω).
Isolated resonances in a globally symmetric device are
typically perfectly transmitting (T = 1), while an asym-
metric device is usually associated with finite total reflec-
tion (T < 1). There are, however, cases in which PTRs
occur even if the scattering medium is globally asymmet-
ric, and these we will now classify in terms of the quan-
tities in Sec. II. As previously, we consider devices which
are completely locally symmetric, i.e., exactly decompos-
able into N symmetric units, which is indeed the case
for the vast majority of setups used in the (theoretical or
experimental) literature.
A. Classification of PTRs
For perfect transmission, T = 1, the field magnitude
at the global boundaries of the device is E0(z 6 z0) =
E0(z > zN ) = 1 (having chosen, without loss of general-
ity, a unit amplitude incident wave); and due to continu-
ity of E′(z), we also have E′0(z0) = E
′
0(zN ) = 0. There-
fore, at a PTR the second term in Eq. (12) vanishes, and
we obtain
L = iJ [1− (−1)N ] =
{
0, N even
2ik, N odd
(13)
where k = ϕ′(z0) = ϕ
′(zN ) = n0ω/c is the wave num-
ber in the ambient medium of refractive index n0. The
quantity J ≡ E20 (z)ϕ′(z) = kT is the scaled energy den-
sity current (or 1D Poynting vector) S = c8pikJ [30]–in
analogy to the probability density current for a quantum
matter wave–which is globally invariant, as opposed to the
locally invariant Q.
4FIG. 2. (Color online) Geometric representation of scattering
in locally symmetric media. The scaled invariants Vm char-
acterizing each symmetric subdomain Dm are represented by
vectors (thin black lines) and added ‘head-to-tail’ for increas-
ing m, with sign (−1)m−1 (see text), yielding L (thick colored
lines). (i) For any non-PTR, the trajectory is open with arbi-
trary end 6= 2ik. (ii,iii) For any PTR, the trajectory formed
by the vectors ends at 0 (2ik) for an even N (odd N) LP
decomposition of the scattering device. For (ii) asymmetric
PTRs the trajectory explores the complex plane, while for
(iii) symmetric PTRs it oscillates between 0 and 2ik.
The scaled currents Vm, which are summed along the
symmetry domains into L in Eq. (11), and which we will
represent through vectors in the complex plane, can thus
be used to distinguish three main symmetry-based cases
of scattering, schematically shown in Fig. 2:
(i) non-PTR. In this case we have T < 1, Eq. (13) is
not fulfilled and the ‘vectors’ Vm add up (with alternating
signs) to a complex ‘vector’ L 6= 0, 2ik (see Fig. 2(i)).
The sequence of the added ‘vectors’ thus forms an open
trajectory in the complex plane. Note that the ‘vectors’
are added in the order they appear along the N local
symmetry subdomains Dm, in ‘head-to-tail’ manner.
(ii) asymmetric PTR. We call asymmetric PTR (a-
PTR) a T = 1 stationary light wave whose electric field
magnitude E0(z) is not completely LP symmetric [26]
along the z-axis in our effective 1D setup. In this case, the
Vm in Eq. (9) take on (z-invariant but) arbitrary values in
the N local symmetry domains (with N > 2 [31]), deter-
mined by the considered decomposition. For even N , the
sequence of the added ‘vectors’ forms a closed trajectory
in the complex plane, starting and ending at the origin
(see dashed line in Fig. 2(ii)), as seen from Eq, (13). For
odd N , the trajectory is open and ends at 2ik (or again
closes at zero by adding the fixed ‘vector’ −2ik).
(iii) symmetric PTR. We call symmetric PTR (s-PTR)
a resonance which resonates with Tm = 1 in each sub-
domain Dm (where Tm is the transmission coefficient
through Dm alone) of a considered local symmetry de-
composition, with completely locally symmetric field mag-
nitude E0(z) following these local symmetries (as was
shown in Ref. [26]). Now E0 = 1 and ϕ
′ = k at both
boundaries of any subdomain Dm = [zm−1, zm]; there-
fore, all local invariants align to the single, ‘N -fold degen-
erate’ value Qm = Vm = 2ik. The trajectory representing
L is thus restricted to the imaginary axis, oscillating be-
tween 0 and 2ik in the complex plane, and ending at 0
(2ik) for even (odd) N (see Fig. 2(iii)). We thus have the
situation that, at any s-PTR, the locally invariant two-
point current Q is purely imaginary, with norm twice the
globally invariant current J = k.
In other words, a PTR is classified as an s-PTR sim-
ply if E0(z) is completely locally symmetric (then there
exists at least one LP decomposition with Qm = 2ik and
symmetric E0(z) in each subdomain Dm); otherwise, if
E0(z) is not completely locally symmetric (and the Vm
are not restricted to the imaginary axis for any LP de-
composition), then it is an a-PTR.
In general, a given (completely locally symmetric) scat-
tering device can exhibit an a-PTR hosting a partial s-
PTR over some subdomain(s) of the device, at the same
resonant frequency. Then the Qm will align along the
part(s) of the device where the partial s-PTR(s) reside(s),
and exhibit a mismatch in the remaining part(s), with
combinations of the corresponding type of Vm-trajectories
in the complex plane.
Note here that, if T = 1, there is no LP decomposition
for which Eq. (13) is violated, so that a PTR cannot ap-
pear to be a non-PTR (due to ‘inappropriate’ choice of LP
domains) within the proposed classification. Conversely,
a non-PTR cannot appear as a PTR, for any LP decom-
position, since Eq. (13) holds only for r = 0, as can be
seen by explicit substitution of E(z0) = e
ikz0 + r e−ikz0
and E(zN ) = t e
−ikzN into Eq. (11).
B. PTRs in aperiodic photonic multilayers
Let us now proceed to investigate the manifestation
of the above types of PTRs, and their local symmetry
classification, in aperiodic photonic multilayer devices,
which are widely used in light transmission experiments
[32–35]. Such systems are usually modeled by a piece-
wise constant refractive index, corresponding to a setup
of attached two-dimensional slabs of (usually two, but
in general also more) different materials (see Fig. 1(a)).
Aperiodic multilayers are an ideal implementation for the
study of the local symmetry concepts introduced, since
the model system is analytically tractable and because
they exhibit inherent complete local symmetry. In fact,
most multilayer setups can be decomposed in many ways,
with different N ’s and at multiple scales (see Fig. 1(b)).
In larger systems, binary aperiodic order (in case of mul-
tilayers, of two kinds of slabs A and B) can be shown to
feature local symmetries with arbitrarily large ranges and
high density, and with remarkable symmetry axis distri-
butions [36].
As a first example, which will also demonstrate the clas-
sification of resonances proposed in Sec. III A, we consider
the setup schematically shown in Fig. 1, which is com-
posed of 16 slabs of materials A and B with refractive in-
dices nA and nB. The widths of the slabs are dA and dB,
respectively, such that they have equal optical thickness
nAdA = nBdB = λ0/4 (the so called ‘quarter-wave con-
dition’ [27]), where λ0 is a central wavelength. The slabs
are concatenated into a composite scatterer represented
by the symbolic sequence ABAABABABABBABAB.
This setup has been studied in Ref. [18] as the concatena-
tion of the fifth generationABAABABA of the Fibonacci
sequence [18] to its ‘conjugate’ BABBABAB (where the
A and B are interchanged). We choose this particular
setup here because, although being globally asymmet-
ric, it exhibits PTRs at multiple frequencies, as shown
in Ref. [18], which we will here identify as the cases de-
5scribed in Sec. III A. Note also that the aforementioned
quarter-wave condition is only used in order to reproduce
the corresponding transmission spectrum in Ref. [18], and
is not a necessary condition for our approach.
The transmission spectrum T (ω) of the device is shown
in Fig. 3(a). It is symmetric around a central frequency
ω0 = 2πc/n0λ0, where n0 = nA is the ambient refractive
index, as a consequence of the imposed quarter-wave con-
dition [10, 37] with λ0 = 600 nm. As we see, there occur
several resonances within the plotted range, which indeed
are perfectly transmitting. To demonstrate the manifes-
tation of the presence or absence of local symmetries that
distinguish the character of the resonances, the field pro-
files within the device are plotted in Fig. 3(b) for selected
frequencies (marked in Fig. 3(a) by the symbols , △, ♦,
▽), along with the invariants |Qm| (shown as thick black
lines) of the considered decompositions into subdomains
Dm. We consider, for clarity, locally symmetric subdo-
mains containing integer number of slabs, and otherwise
of any size (i.e., not restricted to the maximal ones de-
picted in Fig. 1(b)). As is clear from the classification
scheme in Sec. III A, the decomposition is arbitrary for
the manifestation of non- and a-PTRs in the complex V-
plane, whereas it must be identified as the one matching
the E0(z)-profile for an s-PTR. Fig. 3(c) illustrates the
alternating sum L of each case, represented by the ‘tra-
jectories’ of the Vm in the complex plane.
The first peak () is clearly a non-PTR, with T < 1
and no local symmetries appearing in E0(z) in the LP
subdomains of the device. This becomes partly evident
by the different values of the |Qm|, and fully confirmed by
the sum L 6= 0, 2ik, which takes on an arbitrary complex
value (see thick colored vector in Fig. 3(c)). The field of
the third resonance (♦) has also no local symmetry, and
its |Qm| vary for the different Dm in any LP decomposi-
tion. However, as seen in Fig. 3(c), the different ‘vectors’
Vm do lead to the value L = 0 (2ik♦) for even (odd) LP
decomposition, and indeed the wave is perfectly trans-
mitted; a manifestation of an a-PTR. Note that, for the
even decomposition (N = 4, dashed lines in Fig. 3(b) and
(c)), respective ‘outer’ and ‘inner’ local invariants coin-
cide, V1 = V4 and V2 = V3, so that the L-trajectory
consists of three points only.
Finally, the second and fourth selected resonances (△,
▽) demonstrate the occurrence of s-PTRs, with aligned
|Qm| = 2J = 2k△,▽ along the multilayer. We here see
that, depending on the local symmetry decomposition of
s-PTRs, enhanced localization characteristics can arise
within the aperiodic medium: E.g., the central resonance
at ω△ is strongly localized in D2, in contrast to the one at
ω▽ which is rather delocalized, as seen from the field pro-
files (Fig. 3(b)) or anticipated from the resonant widths
(Fig. 3(a); the sharper the resonance, the stronger the
localization).
Apart from the s-PTRs at ω△, at ω▽ and its mirror
symmetric frequency ω = 2ω△ - ω▽, all other PTRs
in the plotted spectrum (which has period 2ω0) are a-
PTRs, with corresponding characteristics in the complex
V-plane. Note that, for the chosen parameters, the left
half ABAABABA of the setup does not feature PTRs, as
shown in Ref. [18]. It does, however, possess local symme-
tries, and a suitable tuning of the dA,B and nA,B would
FIG. 3. (Color online) (a) Transmission coefficient T as func-
tion of the scaled frequency ω/ω0 for the photonic multilayer
shown in Fig. 1 comprised of slabs A and B with refrac-
tion indices nA = 2.12 and nB = 1.45. (b) Field magnitude
E0(z) across the multilayer at the frequencies marked in (a),
corresponding to a non-PTR (ω = 0.607 ω0), two s-PTRs
(ω△ = ω0 and ω▽ = 1.276 ω0), and an a-PTR (ω♦), with scale
on the left. The background shows the slabs A (light gray) and
B (dark gray) along the device, and the vertical lines depict
the considered decomposition into LP symmetric subdomains
of the device. The |Qm| for each subdomain Dm are plotted
as thick solid lines (scale on the right). (c) The alternating
sum L (thick colored arrows) of the Vm for each considered
decomposition in (b), represented as a trajectory (thin black
arrows) in the complex plane, like in Fig. 2. For the a-PTR
(♦), an odd (N = 3) and an even (N = 4) decomposition is
considered (solid and dashed lines in (b) and (c),respectively).
render it transparent at certain frequencies (in the form of
a- or s-PTRs). However, there are then less available LP
decompositions, so that the occurrence of multiple PTRs
is relatively limited compared to the present multilayer.
The simple but still representative example studied here
clearly illustrates how insight into the properties of res-
onant waves in aperiodic multilayers is gained by their
local symmetry analysis.
In a second example, we will show how parametric
tuning can indeed enable the construction of s-PTRs
6in a photonic multilayer at prescribed energies, mak-
ing use of its local symmetries. We choose the setup
BABABC1BABABABAC2ABA shown in Fig. 4, which
is a slight geometrical modification of a multilayer stud-
ied in Ref. [19], where two gaps C1 and C2 of the ambi-
ent medium (here vacuum, nC1 = nC2 = 1) of different
widths dC1 and dC2 have been inserted. Without the
gaps, this structure features a single PTR over a wide
frequency range [19], and we will now demonstrate the
occurrence of two PTRs in the modified setup. To pro-
duce the PTRs we follow the ‘construction principle’ in-
troduced in Ref. [26] (for a formally equivalent quantum
mechanical setting), which is here described in the Ap-
pendix along with its application to the considered setup.
Essentially, the local symmetries of the device are ex-
ploited to reduce the space of available parameters (in
the present case the dA,B,C1,2 and nA,B,C1,2), to be deter-
mined from a set of coupled transfer matrix equations for
different LP decompositions. On the other hand, the pa-
rameter space must initially be sufficiently large in order
to achieve the formation of PTRs at desired frequencies;
this is ensured here by the inclusion of the gaps C1,2.
Note that, without referring to the decomposition into
locally symmetric subdomains of the setup, called ‘res-
onators’ in Ref. [26], there is no obvious way to control
the frequencies where s-PTRs would occur.
As seen in Fig. 4(b), we consider two decompositions
of the setup:
(△) BABABC1BABAB|ABAC2ABA,
consisting of two resonators, and
(▽) BABAB|C1|BABAB|ABA|C2 |ABA,
where the two gaps C1,2 intervene between four res-
onators (the symbol | simply indicates the decomposi-
tion). Fig. 4(a) shows the transmission spectrum of the
setup, where the PTRs at two prescribed frequencies are
marked correspondingly (△ and ▽). The spectrum is
no longer symmetric around ω0 as in Fig. 3(a), since
we have relaxed the quarter-wave condition used previ-
ously. Although there are many other resonant frequen-
cies, the two marked are truly the only ones with exactly
T = 1, within the plotted range. Further, they are of
s-PTR type, as can be anticipated from the field profiles
in Fig. 4(b): indeed, they follow the local symmetries of
the device, according to the indicated resonator decom-
positions. For the first PTR (△), the gaps C1,2 are part
of the two resonators, so that the widths dC1,2 are deter-
mined by the above-mentioned construction principle. In
contrast, for the second PTR (▽), the transparency of the
device is independent of dC1,2 , since the gaps are present
only between the considered resonators. The wave thus
propagates only in forward direction within the gaps, as
is evident from the corresponding plateaus of the field
(E0(z) = 1 along the gaps in Fig. 4(b)(▽)).
Note that, if we set dC1 = dC2 = 0, the second PTR at
ω▽ would be the equivalent to the single PTR of the un-
modified setup in Ref. [19]. We see here that, by inserting
a third type of slab in the multilayer (here the ambient
medium itself), the local symmetries of the device can be
exploited to design a new PTR, which would not be pos-
sible without the modification. Further, the new resonant
field at ω△ is localized on a different spatial scale, as seen
in Fig. 4(b); E.g., the fields within the respective D1 at
FIG. 4. (Color online) (a) Transmission spectrum around
a central frequency ω0 = 2pic/λ0, with λ0 = 700 nm, of
a photonic multilayer consisting of two different kinds of
slabs A (nA = 2.15, dA = 0.08426 λ0) and B (nB = 1.43,
dB = 1.01348 λ0), with two intervening gaps C1 and C2 of the
ambient medium (nC1 = nC2 = 1), of widths dC1 = 0.1146 λ0
and dC2 = 0.04236 λ0. (b) Field amplitudes at the s-PTR fre-
quencies ω△ = 0.67 ω0 and ω▽ = 1.38 ω0 marked in (a). The
background shows the media A (light gray), B (dark gray) and
C (white) along the device, and vertical lines distinguish the
considered LP decompositions into resonators at each s-PTR.
Note that for ω△ the gaps C are parts of the resonators, while
for ω▽ they are not (see text).
ω△ and ω▽ have similar profile, but the latter is ‘squeezed’
to half the range. Since the PTR at ω▽ is invariant with
respect to the gap widths dC1,2 , we thus see that the LP
construction principle can be utilized for the flexible spa-
tial design of resonantly transparent multilayer devices.
C. Relation to alternative approaches
Having demonstrated how the concept of local sym-
metries enable the ‘geometric’ classification of resonant
scattering for photonic multilayers and the construction
of PTRs, we now briefly discuss it in relation to other
approaches to PTRs. As already mentioned in Sec. I,
PTRs have received considerable attention, in particular
for photonic multilayers which can be realized with high
accuracy and very efficient transmission characteristics.
There is, indeed, a number of different theoretical ap-
proaches dealing with the occurrence of PTRs in model
systems. In Ref. [4], e.g., PTRs arise from the inter-
section or touching of transmission bands in a periodic
extension of a given (aperiodic) device with the variation
of some parameter (like the slab widths). Another ap-
7proach is to identify PTRs via the phase accumulated by
the counterpropagating waves within the scatterer, which
gives an interpretation of the vanishing reflection [38]. A
particularly relevant approach is given by Zhukovsky in
Ref. [19], where the PTRs of combined photonic multi-
layers are classified with respect to the transmissions of
their parts. Most of these works, however, focus more on
the conditions for the occurrence of PTRs and less on the
understanding of their origin from fundamental princi-
ples. The latter is captured here, on the level of the field
magnitude, within the classification of PTRs on (local)
symmetry grounds.
More specifically, in Ref. [19] a given photonic multi-
layer is composed of a left and a right part covering two
domains D˜1 and D˜2, respectively (just like the domains
D1 and D2 in Fig. 3(b)(△)). The tilde here indicates that
these domains, although having their boundaries at the
interfaces between slabs, do not necessarily contain sym-
metric refractive index n(z). Using the Airy formulas
[12] for the transmission of composite 1D systems, it can
be shown that the total setup is perfectly transmitting,
T = 1, if one the following conditions is fulfilled [19]:
T1 = T2 = 1 ; (14a)
T1 = T2 6= 1 , (φ1 + φ2)mod2π = 0, (14b)
where T1(2) are the transmission coefficients through the
subdomain D˜1 (D˜2) and φ1 (φ2) are the phases of the
reflection amplitude r1 =
√
R1e
iφ1 (r2 =
√
R2e
iφ2). The
bar indicates that D˜1 is traversed in the opposite (−z) di-
rection. Note here that, although simple and appealing,
the classification of PTRs through Eqs. (14) makes no
reference to the underlying structure of the field within
the multilayer. Moreover, it is restricted to decomposi-
tions of the scatterer into N = 2 domains, or to pairs of
neighboring domains in an N > 2 decomposition.
For N = 2 domains in the decomposition of a device, it
is clear that the s-PTRs defined in Sec. III A, which are
locally symmetric within the two domains, correspond to
the first case above, Eq. (14a). The a-PTRs then nec-
essarily correspond to the second case, Eq. (14b), whose
fulfillment depends, however, on the particular decompo-
sition. For instance, the a-PTR in Fig. 3(b)(♦) belongs
to this case, but only if the multilayer is decomposed into
two parts D1 and D2 as ABAABA|BABABBABAB.
For N > 2, there is an ‘overlap’ of the two cases in the
classification of Eqs. (14), in the sense that a given PTR
can belong simultaneously to both. Assume, for instance,
that the left part of the multilayer D˜1D˜2 considered above
is composed of two smaller parts as D˜1 = D˜a1 D˜b1, for which
the second condition, Eq. (14b), holds (T a1 6= T b1 ). Then,
a PTR of the total multilayer fulfills Eq.(14a) for the de-
composition D˜1|D˜2, and Eq. (14b) for the decomposition
D˜a1 |D˜b1D˜2; that is, the PTR belongs to both categories
for the same setup and frequency. As a consequence,
Eqs. (14) will provide the conditions for perfect transmis-
sion, but fail to reveal the ‘true nature’ of the resonance.
With the ‘geometric’ classification pursued here, the res-
onance is unambiguously identified as an s- or a-PTR,
since it will follow the local symmetries of the setup or
not, respectively, as explained in Sec. III A.
In other words, for N > 2 decomposition domains D˜m
(not necessarily reflection symmetric) there is no one-to-
one mapping between the conditions in Eqs. 14 and the s-
and a-PTRs. The two approaches can, however, be used
in complementary fashion: With a simple local symme-
try analysis of the device, the locally invariant |Q|-values
determine if a PTR is symmetric or asymmetric, and
then the potential a-PTR parts (i.e., parts in the mul-
tilayer with unequal |Q|) can be checked for fulfillment of
Eq. (14b).
IV. CONCLUSIONS
We have developed a classification of resonances oc-
curing in wave scattering through any finite, effectively
1D medium which is globally asymmetric but decompos-
able into locally reflection (or parity) symmetric units.
This was done by exdending the principle of locally in-
variant currents within the local parity (LP) formalism
introduced in Ref. [26], here applied to classical light
scattering. Emphasizing on the manifestation of per-
fectly transmitting resonances (PTRs), we used these lo-
cal invariants, which are determined by the field at the
symmetry subdomain interfaces, to achieve a geometrical
representation of three classes of scattering states in the
complex plane: (i) non-PTRs, for which the local invari-
ants are different among the subdomains of a considered
decomposition of the scattering device, forming an ar-
bitrary trajectory in the complex plane, (ii) asymmetric
PTRs (a-PTRs), where the invariants still differ but with
trajectory closing at the origin or ending at 2iJ , where
J is the globally invariant energy density current, and
(iii) symmetric PTRs (s-PTRs), where all local invari-
ants align at 2iJ , with the field magnitude following the
local symmetries of the device.
Focusing on optical transmission through aperiodic
multilayers of varying refractive index, we demonstrated
the local symmetry classification of resonances in rep-
resentative setups, giving insight into the structure and
origin of each type of PTR. Further, it was shown how si-
multaneous local symmetries at different scales can be
utilized to design aperiodic photonic multilayers with
PTRs at prescribed frequencies. We finally discussed
the complementary relation of the present distinction be-
tween a- and s-PTRs to alternative approaches to perfect
transmission. In conclusion, the proposed classification
provides an unabmiguous distinction between resonances
based on fundamental (local) symmetry principles, and
may add to the deeper understanding of the mechanisms
underlying resonant scattering in complex systems.
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Appendix: Construction of s-PTRs
It is here explained in detail, how the concept of LP
symmetry is utilized to construct (multiple) s-PTRs at
preselected frequencies. Consider a photonic multilayer
setup comprised of NS homogeneous, plane slabs, like in
Fig. 1. Let us now assume that the total setup can be
decomposed in ND different ways into locally symmet-
ric domains (considering, for clarity, the slabs themselves
as smallest building blocks), so that the i-th decompo-
sition has N (i) 6 NS (i = 1, 2, ..., ND) local symmetry
subdomains D(i)m (m = 1, 2, ..., N (i)). In turn, the m-th
subdomain, which we call ‘resonator’, contains N
(i)
m slabs
(so that
∑
mN
(i)
m = NS for any i).
The unimodular transfer matrix (TM) connecting the
plane wave amplitudes on either side of the m-th res-
onator in the i-th decomposition is given by the product
(ordered in l)
M (i)m =
(
w
(i)
m z
(i)
m
z
(i)∗
m w
(i)∗
m
)
=
N(i)m∏
l=1
M
(i)
m,l(ω;n
(i)
m,l, d
(i)
m,l) (A.1)
where M
(i)
m,l is the TM of the l-th slab in this resonator
with refraction index n
(i)
m,l and width d
(i)
m,l. E.g., for the
selected i-th (dashed) decomposition in Fig. 1(b), we
have N (i) = 3, N
(i)
1,2,3 = 6, 5, 5, and n
(i)
m,l = nA (nB)
for {m = 1; l = 1, (2), 3, 4, (5), 6} and {m = 2, 3; l =
(1), 2, (3), 4, (5)}.
For an s-PTR to occur for the i-th decomposition at
a selected frequency ωi, that is, with T
(i)
m = 1 in each of
its subdomains D(i)m , the corresponding TM elements z(i)m
must vanish at ω = ωi. Thus, if we want to construct s-
PTRs at different frequencies ωi1 , ωi2 , ... for equally many
LP decompositions i1, i2, ... of the same multilayer setup,
the corresponding TM elements must solve the following
system of N (i) algebraic equations:
z(i)m (ωi;n
(i)
m,{l}, d
(i)
m,{l}) = 0, m = 1, 2, ..., , N
(i) (A.2)
for all selected i = i1, i2, ... simultaneously, where {l} de-
notes the set of slabs in the m-th resonator. With the
ωi fixed at desired values, these (N
(i1)+N (i2)+ ...) alge-
braic equations determine equally many slab parameters
(widths and refractive indices), while the remaining ones
are set to appropriate (physically relevant) values.
The solution of the system thus provides us with a
multilayer setup with PTRs at the prescribed frequen-
cies. Note that, if the materials and widths of different
slabs are chosen equal, as is usually the case, then the
number of parameters to be determined is accordingly
reduced. Therefore, to obtain an acceptable combina-
tion of slab parameters, a sufficiently large flexibility is
needed in the geometry of the setup, that is, the num-
ber of slabs and their order in the multilayer. The key
role of the local symmetries in the above procedure then
lies in the reduction of the space of combinations of de-
compositions for which to establish perfect transmission:
If we had not considered LP symmetric decompositions,
then there would be vastly many combinations of decom-
positions for which to seek a common solution. Those
are now restricted by considering only locally symmetric
ones, relying on the one-to-one correspondence between
s-PTRs and LP symmetry.
The ‘construction principle’ described above is imple-
mented to produce the two s-PTRs in the second example
of Sec. III B, shown in Fig. 4, as follows. As indicated in
Fig. 4(b), the multilayer setup consists of two kinds of
slabs A, B, and two intervening gaps C1, C2 of the ambi-
ent medium (vacuum), with refractive indices and widths
nA, nB and dA, dB , and nC1 = nC2 ≡ 1 and dC1 , dC2 ,
respectively. The setup is decomposed into resonators in
two ways, labeled i =△,▽ (see Sec. III B), in order to pro-
duce two corresponding PTRs at the frequencies ω△, ω▽,
D(△)1 D(△)2 and D(▽)1 C1D(▽)2 D(▽)3 C2D(▽)4 .
Note that, in the first case (△), the gaps C1,2 are part of
the considered resonators, and so their widths dC1,2 are
relevant for the resonance condition. In the second case
(△), they are not part of the resonators, so that an s-
PTR in this decomposition will be retained irrespectively
of the gap widths (since there is no reflection along the
gaps at any frequency).
According to the procedure described above, we firstly
compute the TM elements (six in total) of each resonator
in both decompositions as a function of the setup param-
eters and the selected frequencies,
z
(△)
1(2)(ω△;nA,B, dA,B,C1(2)), z
(▽)
1,2,3,4(ω▽;nA,B, dA,B).
The conditions for s-PTRs at the desired frequencies
ω△ = 0.67 and ω▽ = 1.38, Eqs. (A.2), applied on each
of the TM elements above, then yields a system of six
algebraic equations which determines the remaining six
parameters nA,B, dA,B,C1,2 of the setup. We here solved
for the gap widths dC1,2 having preselected ω△,▽; con-
versely, we could vary the dC1,2 as input parameters and
solve the system for the (unknown) resonant frequencies.
Note here that, under the restriction of having two
kinds of slabs A and B, the two intervening gaps C1,2
are chosen as a minimal geometric deviation from the
corresponding setup used in Ref. [19], in order to get two
PTRs at selected frequencies: Had the gaps been absent,
then all six parameters nA,B, dA,B, ω△,▽ would have been
determined from the solution (if existent) of six equa-
tions, that is, we could neither have selected resonant
frequencies nor tuned some parameter(s) to obtain physi-
cally acceptable values for the rest. By introducing more
kinds of slabs (i.e., n’s and/or d’s) in the multilayer, the
parameter space can be broadened to obtain further PTR
choices.
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